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Outline

» Motivation & some lattice results
» General facts on Dirac operator
» Large instanton limit & dipole moments

» Sphaleron rate at strong coupling
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Motivation & some lattice results

Interplay between topology & magnetic field

4B ps
2

» Chiral magnetic effect J = q

» Anomaly induced hydrodynamics (chiral MHD), heavy ions
ete...

» Lattice results
» ITEP group (electric & dipole moments)
» T. Blum et al. (zero modes x B)

» A. Yamamoto (C.M. conductivity)

(Polikarpov et al. '09)
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Notation & conventions

work in: R*(T#4)

chiral basis: 7y, = (C? O;)“) v V5= <g _0]1)
o

a, =(1,-id) , a,=(1,i¢)=aj,

o s 0 oDy _ 0 D
Dirac operator: P = (auDu 0 ) = (DT 0)

gauge field: A, = A, +a,
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Notation & conventions

. A\ 2 DD
diagonal form: (ZZD) Py = ( 0 DTD> Py = A2y
X=+41:  DD'=-D2—F,c.u
x=-1: D'D = —D? — Fuom

"supersymmetry:” for A # 0, DD and DD has identical

spectra
D
DT
X=-1 — X=+1
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Magnetic field background
DD' = DI'D = —D2 — Boy = —05 — 8] — DD+ = B— Bos
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Magnetic field background
DD' = D'D = —D2 — Bog = —03 — 8] — D+D+ + B — Bos
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Magnetic field background
DD' = D'D = —D2 — Boy = —03 — 8 — DyD+ + B — Bos

Zero modes: Definite spin, both chiralities

Number of zero modes: Ny = N_ = i fdQCL‘B
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Magnetic field background
DD' = D'D = —D2 — Boy = —03 — 8 — DyD+ + B — Bos

Zero modes: Definite spin, both chiralities
Number of zero modes: Ny = N_ = i fdQCL‘B
Constant field: a, = %(—xg,xl,(),())

Spectrum:

6B




Instanton (BPST) background
DD'=-D2 | DID=-D2-Fuo.
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Instanton (BPST) background
DD'=-D2 | DID=-D2-Fuo.

Zero modes: Both spins, definite chirality

Index theorem: Ni —N_=-N_= —ﬁ [d'z Fﬁyﬁﬁu
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Instanton (BPST) background
DD'=-D2 | DID=-D2-Fuo.

Zero modes: Both spins, definite chirality

) - _ _ 1 4 a 1a
Index theorem: Ny —N_ = —N_ = —5 [d*z F} F},
Spectrum:

------------- “‘—0
DD’ = -D? -D2 DD =-D? —F,,0.
x=+1 x=-1
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Instanton & magnetic field

DD' = —Di —Bos, , D'D= _Di — Fyuwouw — Bos
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Instanton & magnetic field

DD' = —Dﬁ —Bos, , D'D= _Di — Fyuwouw — Bos

Zero modes: Both spins, both chiralities

Index thm: tr (fuvﬁul/> = tr <FWF~’W> + (dim) fWJ?W
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Instanton & magnetic field

DDT g —Di —_ BO’S, 5 DTD = _Di - FH/VUMV - BO-?)

Zero modes: Both spins, both chiralities

Index thm: tr (]:uyfw,> =tr (FMVFW>
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Instanton & magnetic field

DDt = —Di — Bos, , D'D= —DZ - Fu0, — Bog
Zero modes: Both spins, both chiralities
Index thm: tr (]:uyfw,> =tr (FMVFW>

Ny —~N_#-N_ (F#F)
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Instanton & magnetic field

DDT g —Di —_ BO’S, 5 DTD = _Di - FH/VUMV - BO-?)

Zero modes: Both spins, both chiralities
Index thm: tr (]:uyfw,> =tr (FMVFW>
Ny —~N_#-N_ (F#F)

Competition between instanton and magnetic field
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Instanton & magnetic field

DDT g —Di —_ BO’S, 5 DTD = _Di - FH/VUMV - BO-?)

Zero modes: Both spins, both chiralities

Index thm: tr (]:uyfw,> =tr (FMVFW>
Ni—N_#-N_ (F#7)

Competition between instanton and magnetic field

! !

try to align chiralities align spins
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64 p*
Instanton zero mode: |g|? = (:ET+;)P2_)3

4
Topological charge: g5(x) = %




e i . 2 64p2
Instanton zero mode: |¢g]* = (T

Topological charge: gs(z) = %

B field zero mode: [1g|? o f(zy + ixo)e Blertizal®
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2
Instanton zero mode: |1g|? = (?%5

192 p*

Topological charge: gs(x) = G

B field zero mode: |1o]? o< f(x1 + ix2)e—B|11+ix2|2

B
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Large instanton limit

suppose: % << p
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Large instanton limit

1

suppose:

<<p

instanton is slowly varying — can do derivative expansion
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Large instanton limit

1

suppose:

<<p

instanton is slowly varying — can do derivative expansion

Aa_277zvx”~l a +
w = Ay ¥ Mty T
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Large instanton limit

1

suppose:

<<p

instanton is slowly varying — can do derivative expansion

nau Ty
AZ = 255‘2‘_~_p2 ~ p%nfwxy + ...
after appropriate gauge rotation & Lorentz transformation:

Ay = =5 (=w2, 1, =24, 23)7% + § (=22, 21,0,0)1ax2

quasi-abelian, covariantly constant — soluble!
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Large instanton limit

A,LL — _§<—x27x17 —X4, x3)7—3 + g(—fEQ,fBl, 07 0)12X2

B-F 0
f12_<0 B+F>

—-F 0
f34—<0 F)

Landau problem with field strengths Fio & F3y
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Large instanton limit

A# — _§<—x27[1}17 —X4, x3)7—3 + g(—fEQ,fBl, 07 0)]]‘2><2

B-F 0
f12_<0 B+F>

—-F 0
7:34—<O F)

Landau problem with field strengths Fio & F3y

IR T T | a Ta _ F?
Topological charge: 15 F#Vfw =353
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Zero modes
T=-—1

+ chirality: DD
— (Dl — ’LDQ) (Dl + ZDQ) — (Dg — 2D4) (Dg + ZD4)
+(B +2F) — Boy
- chirality: DD
— (Dl — iDQ) (Dl + iDg) - (Dg - iD4) (Dg + iD4)
(B +2F) = (B +2F)o3

T=+41

+ chirality: DD
— (Dl — ’LDQ) (Dl + ZDQ) — (Dg + ZD4) (D3 — ZD4) + B — Bogs

- chirality: DD
— (Dl — ’LDQ) (Dl + ZDQ) — (Dg + ZD4) (Dg — ZD4)
+B — (B —2F)o3
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Zero modes
T=-—1

+ chirality: DD
— (Dl — ’LDQ) (Dl + ZDQ) — (Dg — 2D4) (Dg + ZD4)
(B + 2F) — Bos
- chirality: DD
— (Dl — iDQ) (Dl + iDg) - (Dg - iD4) (Dg + iD4)
+(B+2F) = (B+2F)o3
T=+1
+ chirality: DDt
— (Dl — ’LDQ) (Dl + ZDQ) — (Dg + ZD4) (D3 — ZD4) +B — B(Tg

- chirality: DD
— (Dl — ’LDQ) (Dl + ZDQ) — (Dg + ZD4) (Dg — ZD4)
+B — (B —2F)o3
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Zero modes

_ _ ; _ (B+F) F
T=-1,x=-1,spin],n_="5-">5-
_ — ; _ (B-F) F
T—+1,X—+1,SpZnT,n+— o o
F F?
7’L++TL_:BW s ’I’L.|_—7'L_:—W
F
B+F
X3 Xq
Xq X3
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Spectra

ntons and in a Magnetic F



Zero modes

B<F
x = +1 nyg = 0
B+F .
N € )
- - —B+4F .
COO L | (=+1 , spinl)
2 2
netno=no =5 L neono=n= £
BF
== g2
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Quantization on T*
» nontrivial holonomy — topology

» twisted boundary conditions — fractional Pontryagin index
(" t Hooft ’81)

» zero twist — dJ quasi-abelian, covariantly constant, SD
solutions (van Baal '96)

Ap(wy + Ly) = Q;l(l‘)(Au(xV) —10,) ()

quantized flux for constant field strength (a la Aharanov-Bohm)

(van Baal ’96, Al-Hashimi and Wiese ’09)

(B-F)L?=2n(N — M) , for 73 =41
(B+ F)L? =2r(N + M) , for 3 =—1
FIL?=21M , for 5 = +1
FL?>=2rM , for 3 = —1
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Quantization on T*

M: Instanton flux N:Magnetic flux

Zero modes:

B>F
index: Ny —N_=-2M2= _1:22754
total number: N+ N_=2MN = B;;y
B<F
index: Ny —N_=—2M2= _1?22754
total number: Ny + N_=2M?= F227TI§4
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Dipole moments

UzM:%Eijk(lZijw> ) UZE:@ZWM
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Dipole moments

ol = LWSy) , of = (PE5)

Instantons and Sphalerons in a Magnetic Field



Dipole moments

ol = LWSy) , of = (PE5)

(o3 O (=03 O
E12—<0 03> ) E34—<0 03>
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Dipole moments

2 2
m<'&2121/1> = {troxo <0'3m) + troys <O’ m)

m2+DDT 3m2+D'|'D
iR = e <“m+pm) e <"m+pm>

Gokge Basar Instantons and Sphalerons in a Magnetic Field



Dipole moments

oyl = (W), of = (PTaa1))
E12=<%3 i,) ; 234=<_83 003>

2 2
m(YEia9) A~  traxe (m) + troxe <m)

m2 + DDt m2+ DD
_ m2 m2
m(PE349) = —traxs <m2—|—DDT) + troxe <m2+DTD>
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Dipole moments

<
4
S
<
2

(%) <>

m{yYYaa) ~ —<BQ7TF> <27r
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Dipole moments

= 3(YS12¢) , of = (PTx)

__ (03 0 [ —03 0
Z12—<0 03> ; E34—(0 03)

- BF
m(djzlgw) ~ ﬁ
_ F2
m(YXaa)) = on2
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Dipole moments

= 3(YS12¢) , of = (PTx)

__ (03 0 [ —03 0
Z12—<0 03> ; E34—(0 03)

- BF
m(djzlgw) ~ ﬁ
_ F2
m(YXaa)) = on2

> oM > oF
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Dipole moments

= 3(YS12¢) , of = (PTx)

__ (03 0 [ —03 0
Z12—<0 03> ; E34—(0 03)

- BF
m(YXi2) = 52
_ F?
m(Yaa)) =~ 92

> oM > oF

> (T340 p340) ~ (5momzpr) B
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Sphaleron rate (basics)

_(AQ5)2_ 4 g a v g a a3
Pos = =% _/d$<32 Fa, P (@) 0 FigF (0)>

Diffusion of topological charge: % = —c N5 = Les
» CP odd effects in QCD (CME)

» Baryon number (B+L) violation in E.W.

Weak coupling: Tcg = k g*T log(1/g) (¢*T)? (Bodeker *98)

Strong coupling: I'cs = (256733 T* (Son, Starinets '02)
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Sphaleron rate (holography)

5-d Einstein-Maxwell-(Chern Simons):

S = —tgq; [ Pov=g(R+FMNFyn—3)+ 5500 [ANFAF
F = Bdxi N dxo

3 solutions of the form: (D’Hoker, Kraus '08-’11)
ds?* = —U(r)dt* + ,‘}%j) +e2V) (dz? + dal) + 2V () da?

with: U(r,) =0 , 2V 2W)|, | — 2 (AdSs),

r=0 B, T=0
f >
boundary
AdS AdS; AdSs
R.G. flow
CFT 1+1d CFT (magnetic catalysis) 3+1d CFT (N=4)
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Sphaleron rate (holography)

5-d Einstein-Maxwell-(Chern Simons):

S = —tgq; [ Pov=g(R+FMNFyn—3)+ 5500 [ANFAF
F = Bdxi N dxo

3 solutions of the form: (D’Hoker, Kraus '08-’11)
ds?* = —U(r)dt* + ,‘}%j) +e2V) (dz? + dal) + 2V () da?

with: U(r,) =0 , 2V 2W)|, | — 2 (AdSs),

" B >>T?
: > 1
boundary
AdS  BTZ,Ty=T AdSs
R.G. flow
CFT 1+1d CFT (temp=T) 3+1d CFT (N=4)
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Sphaleron rate (holography)

5-d Einstein-Maxwell-(Chern Simons):

S = —tgq; [ Pov=g(R+FMNFyn—3)+ 5500 [ANFAF
F = Bdxi N dxo

3 solutions of the form: (D’Hoker, Kraus '08-’11)
ds?* = —U(r)dt* + ,‘}%j) +e2V) (dz? + dal) + 2V () da?

with: U(r,) =0 , 2V 2W)|, | — 2 (AdSs),

" B, T
f >
boundary
AdS some BH, Ty=T AdSs;
R.G. flow
CFT some CFT (temp=T) 3+1d CFT (N=4)
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Sphaleron rate (holography)
AdS/CFT: (axion) ¢ < tr(FE) (topological charge)

"Maxwell” U(1) & U(1)g
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Sphaleron rate (holography)
AdS/CFT: (axion) ¢ < tr(FE) (topological charge)
"Maxwell” U(1) & U(1)g
(Fg, Fi™) (w.k)

holography: ¢_ 7(r — 00) ~ §®(w, E) + d drer?

¢, z(r): infalling at horizon r = ry,
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Sphaleron rate (holography)
AdS/CFT: (axion) ¢ < tr(FE) (topological charge)

"Maxwell” U(1) & U(1)g

8(Fg, Fi) (w,k)
+ 4krt

holography: qb 2(r — 00) & 5P (w, E)
b, E(r): infalling at horizon r = ry,

Kubo formula: §(F};, Fl"Y(w, k) o G?F pp(ws k) 6®(w, k)

sym _ w R .
FDT: G;’F pp(@; k) = coth(—T)ImGFFFF(w,k)
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Sphaleron rate (holography)
AdS/CFT: (axion) ¢ < tr(FE) (topological charge)

"Maxwell” U(1) < U(1)r

holography: ¢_ 7(r — 00) ~ §®(w, k) + %W

¢, z(r): infalling at horizon r = ry,

Kubo formula: 5(Fﬁyﬁ#”>(w, k) o G?EFF(QJ, k) 6®(w, k)

. sym N w R 7
FDT: G;F,Fﬁ(w’k) = coth(ﬁ)ImGFﬁFﬁ(w,k)

2 2
_ : oT R
= I‘CS——(SgWQ) limy o7 -Im GFFFF(W’

ol
Il
[aw)
=
[
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Sphaleron rate (holography)

f(B/T72)

161

R

L (T4 a1 B2+ O(fi—;)) , B<<T?

I'cs =

(9>N) 2 4 76 2
384f5(BT +15.97% + O(Le )) , B>>T
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Sphaleron rate (holography)

B>>T
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Sphaleron rate (holography)

B>>T

Landau level density

T
_ (®N)? B 2
Feos = 384300 © X T

» zero modes are magnetically confined in lowest Landau levels
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Sphaleron rate (holography)

B>>T

Landau level density

T
_ (®N)? B 2
Feos = 384300 © X {

diffusion scale in 1+1d

» zero modes are magnetically confined in lowest Landau levels
> strong interaction — back-reaction of B into the sphaleron

» spherical symmetry — axial symmetry
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An analogy

Electroweak sphaleron (Klinkhamer, Manton ,’89)

» Spherically symmetric for SU(2) (Ow = 0)
» Axially symmetric for SU(2) x U(1) (©w # 0)

» Has a magnetic dipole moment for Oy # 0
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Conclusions & speculations

» Instanton + magnetic field has a rich structure

v

Electric and magnetic dipole moments

v

Zero modes play a crucial role

» 15% order derivative expansion captures some lattice results

v

Confinement ? (instantons with nonzero holonomy)

v

At strong coupling:
» Magnetic field always increases the sphaleron rate
» Back-reaction of magnetic field into non-abelian sector

» Strong magnetic field leads to dimensional reduction

v

Weak coupling? (Diamagnetic response of zero modes?)
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